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ABSTRACT

The dynamics of trapped gas bubbles in porous media under vibrational excitation are crucial for understanding multiphase transport
behavior. While conventional single-channel models often neglect the presence of bypass wetting flow, such flow paths can significantly influ-
ence bubble resonance and mobilization thresholds. In this study, we develop a pore-doublet model that explicitly captures the interaction
between a trapped non-wetting bubble and the bypassing wetting phase within a two-channel pore geometry. By integrating capillary, viscous,
and inertial forces, the model reveals how bypass wetting flow affects the oscillatory behavior of the bubble under harmonic vibration.
Analytical and numerical analyses in both the frequency and time domains show distinct differences between pore-doublet and single-
channel models, particularly in terms of resonance frequency shifts and amplitude responses related to effective permeability. The model is
further validated against computational fluid dynamics simulations. These results provide new insights into bubble–fluid interactions in
vibrated porous systems and offer a framework for modeling multiphase flow under dynamic excitation.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0312708

NOMENCLATURE

a(t), A Excited acceleration, amplitude of acceleration
aq, al Density ratio, viscosity ratio (wetting to

nonwetting)
Ac Amplitude of particular acceleration by a seismic

wave at which the trapped bubble becomes freed
Au, Ad Cross-sectional areas of the tube at the contact

line of the rear and front menisci
cos h/R Curvature of the wetting/nonwetting interface

Fx, Fp, Fa Viscous force, pressure force along the wall,
oscillatory force

h, s0 Transient positions of the three-phase contact line
k Permeability of surrounding pores
L Spatial semi-wavelength of the constriction
L0 Length of straight tube

Lu, Ld Axial coordinates at the entrance and exit of the
model geometry

m, b, k0, F Mass, damping coefficient, coefficient of recover-
ing force, and amplitude of harmonic loading in
a linear oscillator

M1(x),M2(x),
M3(x), M4(x)

Introduced functions of position x

Meff Effective mass
N1(x), N2(x),
N3(x), N4(x)

Introduced functions of position x

Oh Ohnesorge number
Pcu, Pcd Capillary pressure at the rear and front menisci
Pg ;Vg Gas pressure and bubble volume
Pi
g ;V

i
g Gas pressure and bubble volume at the initial sta-

tionary state
Pu, Pd Entrance and exit background pressure
Pu, Pd Pressure of wetting liquid at the rear and front

menisci
Q, Q1, Q2 Flow rate in the inlet, straight tube, and con-

stricted tube, respectively
r Radius of a straight tube

r0, f0 Peak of amplitude ratio, associated resonance
frequency

rmax, rmin Maximum and minimum radii of the tube
b, x� Defined dimensionless variables
DPc Capillary resistance
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DPe External pressure difference

h Contact angle
K Aspect ratio of constriction

k(x) Tube radius at axial position x
kmen(s) kmen(h) Radius of curvature for the rear and

front menisci
lw, ln Density of wetting/nonwetting phase

n Amplitude ratio
qw, qn, Dynamic viscosity of wetting/nonwetting phase

r Interfacial tension of the wetting/nonwetting
interface

s Time scale for the Hagen–Poiseuille starting flow
to fully develop

X0 Dimensionless natural frequency
Xn Dimensionless excitation frequency

v xð Þ Frequency response function
x, f Angular frequency and frequency of excitation
xn

c Characteristic frequency of the nonwetting phase

I. INTRODUCTION

Subsurface formations typically consist of a solid skeleton, pore
water, and entrapped gas bubbles, forming a representative multiphase
and multiscale heterogeneous system. The presence of gas bubbles sig-
nificantly alters the hydrological properties, mechanical responses, and
acoustic behaviors of porous media, and is ubiquitous in both natural
and engineered environments. Such bubbles may originate from natu-
ral processes such as microbial gas production,1 hydrocarbon degrada-
tion,2 groundwater level fluctuations,3 or changes in gas solubility, as
well as from anthropogenic activities including air injection,4 foam
flooding,5 heavy oil viscosity reduction,6 gas hydrate exploitation,7 and
CO2 geological sequestration.

8 Under buoyant forces, bubbles tend to
ascend. However, during their motion, they may grow, coalesce, or
become immobilized at pore throats due to convergent–divergent
geometries, known as the Jamin effect,9,10 which reduces fluid connec-
tivity and lowers effective permeability.

When subjected to external vibration excitation, such as seismic
or acoustic waves, these trapped bubbles may oscillate and undergo
microscale migration, dynamically modulating the permeability,
damping characteristics, and effective elastic modulus of the porous
medium.11–13 At the macroscopic level, such nonlinear microscale
responses can manifest as vibration-induced phenomena, including
sudden changes in groundwater levels, mud volcano eruptions, debris
flows, and even soil liquefaction.14 Despite their broad implications,
the nonlinear mechanisms underlying bubble oscillation and mobiliza-
tion under vibrational forcing remain inadequately understood. This
knowledge gap arises from two main challenges. First, these processes
occur at micrometer to millimeter scales and involve strong nonlinear-
ities, making direct observation difficult.15 Second, when the excitation
frequency approaches the bubble’s natural resonance frequency,
energy dissipation and nonlinear fluid–structure interactions become
significant, complicating theoretical modeling.16,17 Therefore, predic-
tive models are needed to characterize the nonlinear oscillation behav-
ior of trapped bubbles under vibrational forcing, and to capture their
resonance response across varying permeability and excitation
conditions.

Despite recent efforts, few microscale models describe non-
wetting phase dynamics in pores, typically for liquid droplets. These

models are primarily based on force balance,18 pressure balance,19,20 or
momentum balance.21 To systematically delineate the scope of these
established frameworks and highlight the specific gaps addressed in
this study, we summarize their respective contributions and limitations
in Table I. However, these models commonly adopt simplified single-
channel representations with fixed pressure boundary conditions. In
real porous systems, residual bubbles are surrounded by bypassing
wetting fluids, creating local pressure fluctuations that challenge the
validity of fixed-pressure assumptions. Furthermore, conventional
models often overlook how adjacent pore permeability influences sys-
tem dynamics, limiting their accuracy in predicting bubble entrap-
ment, resonance, and release. While experimental and numerical
investigations have explored residual droplet dynamics under vibra-
tion,22–25 they typically adopt simplified straight-channel geometries
that neglect the geometry-induced capillary resistance critical in realis-
tic pore-throat structures. To address these limitations, some studies
have introduced the pore-doublet model to better capture the coupled
dynamics of two-phase flows.26,27 However, these models are often
conceptual and lack the dynamic predictive capability needed for
vibration-driven systems.

Building on the momentum balance approach by Deng and
Cardenas,21 we formulate a pore-doublet model that, for the first time,
explicitly accounts for bypassing wetting flow in bubble oscillation
dynamics under vibration. While three-dimensional studies have
highlighted the complexity of the non-wetting/wetting interface during
bubble oscillations,28–30 we employ a one-dimensional spherically
shaped meniscus approximation as a physically consistent and analyti-
cally tractable simplification.19,21 This approach captures the essential
coupling among capillary, inertial, and viscous forces while maintain-
ing model feasibility.

Using this model, we comprehensively characterize bypass-
modulated bubble dynamics under vibrational forcing. We evaluate
modeling assumptions and predictive performance in the frequency
domain, while examining resonance responses under varying ampli-
tudes in the time domain. As the forcing amplitude increases, we
investigate the required threshold for bubble mobilization and validate
model predictions against computational fluid dynamics (CFD) simu-
lations. We further quantify how heterogeneities in the permeability of
adjacent pores modulate the nonlinear resonance characteristics of
trapped bubbles. Collectively, this analysis establishes a rigorous theo-
retical framework for bypass-driven nonlinear bubble behavior under
vibration and provides physical insights into energy dissipation and
frequency-dependent flow modulation in porous media.

II. THEORETICAL MODEL OF THE BUBBLE
A. Problem statement

In porous media, bubble migration is governed by the coupled
effects of capillary forces, inertia, buoyancy, gravity, and external per-
turbations,31–33 with the overall behavior strongly influenced by the
spatial inclination of the pore channels.34,35 To facilitate theoretical
analysis, we focus on bubble dynamics in horizontally aligned chan-
nels, where the combined effects of buoyancy and gravity are treated as
an equivalent, steady background pressure gradient. This simplifica-
tion allows us to neglect buoyancy-induced disturbances and isolate
the influence of vibrational forcing on bubble motion, particularly in
terms of how vibration excitation governs bubble unlocking and non-
linear migration.
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Extensive studies have shown that bubble entrapment primarily
arises from capillary pressure imbalances induced by pore geometry.
According to the Young–Laplace equation, capillary pressure is
governed by interfacial tension and contact angle. In convergent–
divergent pore throat geometries, a pressure difference arises between
the upstream and downstream menisci, giving rise to a geometric
capillary resistance. Unlike the intrinsic capillary pressure across the
two-phase interface, this resistance originates from the curvature dif-
ferences imposed by pore-throat convergence and divergence. Under
natural reservoir pressure gradients or engineered driving forces, such
as water flooding or contaminant remediation, bubbles remain immo-
bilized when the external pressure gradient is insufficient to overcome
this capillary resistance. This capillary resistance forms a threshold
condition for bubble mobilization, which is incorporated into our the-
oretical model through the pressure balance at the menisci.

This capillary resistance creates a threshold condition that must
be overcome for bubble displacement to occur. The critical pressure
gradient, the minimum pressure gradient required to displace a
trapped bubble, is primarily controlled by capillary resistance and is
largely insensitive to viscous shear. When the applied pressure gradient
is below this critical value, bubble migration through the pore throat is
extremely slow, and viscous shear stresses are negligible. Once the
threshold is exceeded, however, the bubble can be released even under
low flow velocities.

Under vibration excitation, the porous medium is subjected to
periodic oscillatory forces that act as time-dependent perturbations
superimposed on the background pressure gradient. These transient
oscillations can intermittently overcome local capillary resistance,
thereby inducing bubble oscillation and potential displacement. Unlike
steady pressure-driven flow, vibrational forcing introduces rapid fluc-
tuations in both amplitude and direction, leading to strongly nonlinear
system responses. In such regimes, viscous dissipation becomes the
dominant energy loss mechanism.

Additionally, thin wetting films may form at the interface
between the wetting and non-wetting phases. Depending on the vis-
cosity ratio of the two fluids, these films can exhibit either lubricating
or resistive effects. As a result, realistic modeling of bubble dynamics
under vibration must account for the viscosities of both phases, interfa-
cial boundary-layer effects, and the frequency-dependent characteris-
tics of the system’s dynamic response. These considerations form the

basis for the governing equations and boundary conditions presented
in Sec. II C.

The central objective of this study is to investigate how the fre-
quency and acceleration amplitude of vibrations influence the oscilla-
tory behavior and mobilization threshold of trapped bubbles. To this
point, we have developed a pore-doublet model based on the momen-
tum balance framework proposed by Deng and Cardenas.21 This
model explicitly incorporates bypassing wetting flow effects and cap-
tures the key mechanisms underlying bubble dynamics under vibra-
tional forcing.

To bridge the gap between complex porous media and theoretical
modeling, we simplify the local pore network shown in Fig. 1(a) into a
representative pore-doublet model shown in Fig. 1(b). While Fig. 1(a)
depicts the topological complexity of natural porous media, Fig. 1(b)
isolates a single bubble-trapping event by “lumping” the surrounding
complex flow network into a single equivalent bypass channel charac-
terized by an effective permeability. As shown in Fig. 1(b), a fixed
aqueous phase flow rateQ is imposed at the inlet, while the outlet pres-
sure is set to zero. The inlet bifurcates into two channels: a straight
tube that serves as the equivalent bypass path, and a sinusoidally
shaped convergent–divergent constricted tube, where the bubble is
trapped upstream at the throat due to capillary forces. The initial con-
ditions are defined to ensure physical consistency: the bubble is initially
immobilized in the constricted tube (Q2¼Q), and consequently, the
entire imposed flow passes through the straight tube (Q1¼Q). The
pressure differences Pu and Pd at the upstream and downstream junc-
tions correspond to the capillary pressure Pca exerted on the bubble
interfaces.

Incorporating vibration excitation into the two-phase flow calcu-
lations, we model the relative acceleration between the fluid and solid
phases as a body force. Our theoretical model consists of two key com-
ponents: (1) a momentum balance equation derived from the single-
channel model that describes the dynamic response of the bubble, and
(2) a velocity profile equation based on the Hagen–Poiseuille law,
which models the flow of the water phase and accounts for pressure
losses. The relationship between the two channels is governed by the
equationQ¼Q1þ Q2.

To reduce computational complexity, the irregular cluster of flow
paths surrounding the bubble in real porous media is simplified into a
single equivalent bypass channel. This conceptual channel [referred to

TABLE I. Comparison of theoretical models.

Model type
Representative

studies
Bypass flow
treatment

Inertial effects
handling

Key limitations (addressed by cur-
rent work)

Pressure-bal-
ance model

Hilpert et al.20 Ignored Captures inertial
effects

Fails to account for bypass flow
effects and viscosity dissipation dur-

ing mobilization.
Force-balance
model

Beresnev18 Ignored Assumes fixed
external
pressure
gradient

Neglects the impact of bypass flow
and pressure redistribution on bub-

ble dynamics.

Single-channel
momentum
model

Deng and
Cardenas21

Ignored Captures inter-
nal fluid inertia

Captures internal fluid inertia, but
fails to account for bypass-induced
“added mass” and “flow damping.”
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as the straight tube in Fig. 1(b)] serves as an effective medium abstrac-
tion, aggregating the hydraulic resistance and fluid inertia of the multi-
ple parallel flow paths into a computationally tractable equivalent
path. While natural pore networks exhibit tortuosity and geometric
complexity, this straight-channel simplification captures the funda-
mental inertial coupling mechanism, providing a conservative baseline
for analyzing bypass-induced resonance shifts. We introduce an effec-
tive permeability parameter to approximate the collective hydraulic
influence of these bypass routes. This simplification significantly
reduces the dimensionality of the parameter space and computational
cost, while preserving the key features of system dynamics, thereby
enhancing the model’s applicability and generalizability.

The model is driven by a single-frequency harmonic input, which
allows precise control over the vibration frequency and amplitude and
facilitates systematic exploration of how these parameters influence
bubble dynamics. Harmonic vibration excitation is also mathemati-
cally tractable, enabling analytical and numerical comparisons. This
approach aligns with previous studies19,21 that employed similar forms
of excitation, ensuring compatibility and comparability with existing
frameworks. By explicitly incorporating bypass effects, contact line
motion, and nonlinear oscillatory responses, the proposed model

extends the momentum balance framework and offers new theoretical
insights into bubble oscillation, unlocking, and release in partially satu-
rated porous media. This enhanced formulation contributes to a more
comprehensive understanding of dynamic two-phase interactions
under vibration forcing.

B. Pore constriction geometry

We analyzed a model featuring a constricted, axisymmetric tube
(see Fig. 2) to represent the flow channel in porous media, a geometry
frequently employed in related experimental studies. Cylindrical coor-
dinates (r, x) are employed with the axial origin (x¼ 0) at the neck of
the constriction. The wall surface of a constricted tube follows

k xð Þ ¼
rmax; Lu < x < �L;
rmax þ rmin

2
� rmax � rmin

2
cos

px
L

� �
; �L � x � L;

rmax; L < x < Ld;

8>><
>>: (1)

where rmax and rmin are radii of the pore body and pore throat, respec-
tively. L is the half wavelength of the sinusoidal constriction. Lu and Ld
are the coordinates of the entrance and exit of the tube, respectively.

FIG. 1. Schematic representation of
porous media and simplified pore-doublet
model to analyze bubble passing through
a single constriction. The bubble is
marked by white in porous media, the wet-
ting fluid is marked by light blue, and the
grain is marked by gray color. Annotations
in the straight tube indicate that the fluid
column contributes to the effective oscillat-
ing mass (inertia), while the wall shear
stress provides the bypass viscous
damping.

FIG. 2. Gas bubble inside constricted tube 2 just after expansion into the downstream region. The interface of water and bubble is marked by blue color. Model geometric
parameters and pressure are labeled as well. The figure annotations and caption have been updated to clarify the axial nature of coordinates s and h. The domain boundaries
are now labeled as Lu and Ld.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 38, 023314 (2026); doi: 10.1063/5.0312708 38, 023314-4

Published under an exclusive license by AIP Publishing

 
2
7
 
M
a
r
c
h
 
2
0
2
6
 
0
1
:
1
8
:
1
6

pubs.aip.org/aip/phf


Momentum balance is applied to the two distinct wetting fluid seg-
ments within the constricted tube, designated as fluid domain I and fluid
domain II. Fluid domain I represents the upstream liquid slug extending
from the inlet (Lu < x< s), while fluid domain II represents the down-
stream liquid slug stretching from the front three-phase contact line to
the outlet (h< x< Ld). To simplify the analysis, the spherical caps at both
the rear and front menisci are included in the control volume of the fluid.
This simplification is justified by the significantly greater length of the
water plug than that of the spherical caps. In this study, we adopt a one-
dimensional framework based on the lubrication approximation and
treat the fluid-fluid interfaces as quasi-static hemispherical menisci.
While we acknowledge that realistic pore-scale flows exhibit three-
dimensional complexities, such as dynamic curvature variations and cor-
ner flows, this simplified approach is justified under the low-capillary-
number conditions considered here (Ca< 10�4). In this regime, surface
tension forces significantly dominate over viscous stresses, ensuring that
the interface shape is primarily governed by the static Young–Laplace
equilibrium. As demonstrated in prior studies, this approximation effec-
tively captures the fundamental displacement dynamics and mobilization
thresholds despite the neglect of three-dimensional variations.21

C. Momentum balance of upstream fluid
in constricted tube

The momentum balance in domain I is first established. The
macroscopic governing equation is

q
d
dt

ð
V

vxh idV ¼ qAu v2x
� �þ PuAu � PIAI þ Fp � Fx þ Fa; (2)

where the symbol h�i implies the average of the quantity over the cross
section. The left-hand side is the rate of momentum change in control
volume V. On the right-hand side, qAu v2x

� �
, PuAu, PIAI , Fp, Fx, and

Fa are momentum influx at inlet, entrance pressure force, exit pressure
force, pressure force along the capillary wall, viscous drag, and oscilla-
tory inertial force; q is the density of the wetting phase fluid, Au and
AI are the cross-sectional areas of the inlet of the constricted tube and
the three-phase contact positions for the downstream meniscus of wet-
ting fluid, and Pu and PI are the pressure of the inlet of the constricted
tube and three-phase contact positions for the downstream meniscus
of wetting fluid.

Let ds/dt be the average flow velocity in domain I, and the flow
rate of domain I can be given as

Q1 ¼ pk2 sð Þ ds
dt

; (3)

where Q1 is the flow rate of the wetting fluid at the upstream
meniscus.

The average velocity can be expressed as

vxh i ¼ k2 sð Þ
k2 xð Þ

ds
dt

: (4)

The rate of momentum change becomes

q
d
dt

ð
V

vxh idV ¼ pqk2 sð Þ ds
dt

� �2

� s� Luð Þ d
2s

dt2

" #
: (5)

The momentum influx can be calculated from Eq. (2) at x¼ Lu,
where the radius of the tube is rmax. Therefore, the momentum
influx is

qAu vxh i2 ¼ 4
3
pq

k4 sð Þ
k2 xð Þ

ds
dt

� �2

; (6)

where the velocity at the entrance is assumed to have a parabolic pro-
file. The factor 4/3 is used to compensate for the average squared
velocity in Eq. (4).

The entrance pressure force is

PuAu ¼ pk2 Luð ÞPu: (7)

For simplicity, a harmonic oscillation with a single frequency is
used in this section

a tð Þ ¼ �A � sin 2pftð Þ; (8)

where A is the magnitude of the acceleration, and f is the frequency of
the external excitation.

The velocity profile of Poiseuille flow can be described as

v xð Þ ¼ �rPk2 sð Þ
4lw

; (9)

where rP is the external pressure gradient, r is the radius of the
fluid/gas interface, lw is the dynamic viscosity of the nonwetting and
wetting fluid.

By integrating Eq. (9) in the axisymmetric tube following the
lubrication approximation, we obtain the flow rate as

Q1 ¼ � prPk4 sð Þ
8lw

: (10)

The total force exerted by the fluid on the capillary wall is given
by the following integral:36

Fx ¼
ðs
Lu

si2pk sð Þdx; (11)

where si is the shear stress at the wetting/nonwetting interface, which
is determined by the velocity profile of Eq. (9) and the flow rate
Eq. (10)

si ¼
4lw vxh i
k sð Þ : (12)

Substitution of si and Eq. (4) for vxh i into Eq. (11) leads to

Fx ¼ �8plk2 sð ÞM1 sð Þ ds
dt

; (13)

where we defineM1(x) as

M1 xð Þ ¼
ðx
Lu

1

k2 wð Þ dw: (14)

Here, the explicit negative sign ensures physical consistency, indi-
cating that the viscous force acts as a resistive drag opposing the direc-
tion of the fluid velocity ds/dt.

According to Eq. (10), the pressure gradient is given as
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rPw ¼ � 8lwk
2 sð Þ

k4 xð Þ � qa tð Þ: (15)

Integrating pressure gradient from plane x¼ Lu to x gives

P xð Þ ¼ Pu � 8lwk
2 sð ÞΜ2 xð Þ � qa tð Þ x � Luð Þ; (16)

where we defineM2(x) as

M2 xð Þ ¼
ðx
Lu

1

k4 wð Þ dw: (17)

The pressure force along the constricted wall is

Fp ¼ 2p
ðs
Lu

P xð Þk xð Þdk xð Þ: (18)

Substituting Eq. (16) into Eq. (18) gives

Fp ¼ pPu k2 sð Þ � k2 Luð Þ
� �� 16plk2 sð ÞM3 sð Þ ds

dt
� pk2 sð Þqa tð Þ s� L1ð Þ þ pqa tð ÞM4 sð Þ; (19)

where we defineM3(x) andM4(x) as

M3 xð Þ ¼
ðx
Lu

M2 xð Þk xð Þdk xð Þ; (20)

M4 xð Þ ¼
ðx
Lu

k2 wð Þdw: (21)

According to Beresnev,18 the oscillatory inertial force in the non-
wetting fluid is given by

Fa ¼ �pqa tð ÞM4 sð Þ: (22)

The thermodynamic behavior of the gas phase is modeled as an
isothermal process governed by Boyle’s Law, where the product of the
transient gas pressure Pg and bubble volume Vg remains constant
(PgVg¼ constant). This assumption is physically justified by the low
oscillation frequency (<10Hz) and the large surface-to-volume ratio
of the micro-bubble, which facilitates rapid heat exchange with the sur-
rounding medium. Thus, the state equation is given by

PgVg ¼ Pi
gV

i
g ; (23)

where Pi
g and V i

g are the gas pressure and bubble volume at the initial
stationary state.

The hydraulic pressure in domain I near the upstream meniscus
PI is related to the gas pressure in a bubble by the Young–Laplace
equation as

PI ¼ Pg � 2r
kmen sð Þ ; (24)

where kmen sð Þ is the radius of curvature of the meniscus at x¼ s, r is
the interfacial tension.

The initial volume of the bubble has three components: two
spherical caps and an intermediate cylindrical volume. The volume
equation is

Vi
g ¼ p

ðh
s
k2 xð Þdx þ 2

3
pk3 sð Þ þ 2

3
pk3 hð Þ: (25)

At the initial stationary state (t¼ 0), the fluid in domain I is
assumed to be static, and the Young–Laplace equation can relate the
entrance pressure to the gas pressure by

Pi
g ¼ Pi

u þ
2r

kmen sð Þ : (26)

Substitution of Eq. (23) into Eq. (24) gives the transient
pressure PI as

PI ¼
Pi
gV

i
g

Vg
� 2r
kmen sð Þ : (27)

The exit pressure force in the control volume is

PIAI ¼ pk2 sð ÞPI : (28)

Substitution of Eqs. (6), (7), (13), (19), (22), and (28) into Eq. (2)
produces the governing equation in control volume I

q s� L1ð Þ d
2s

dt2
¼ �q

ds
dt

� �2

þ 4
3
q
k2 sð Þ
k2 xð Þ

ds
dt

� �2

þ DP

� 16lM3 sð Þ ds
dt

� 8lM1 sð Þ ds
dt

� qa tð Þ s� Luð Þ; (29)

where

DP ¼ Pu �
Pi
gV

i
g

Vg
þ 2r
kmen sð Þ : (30)

D. Momentum balance of downstream fluid
in constricted tube

Likewise, the momentum balance of the downstream fluid is
established to track the motion of the downstream meniscus of the
bubble. The macroscopic governing equation is

q
d
dt

ð
V

vxh idV¼�qAd v2x
� �þPIIAII�PdAdþFp�FxþFa; (31)

where PII is the hydraulic pressure in the fluid domain II near the
downstream meniscus of the bubble. The left-hand side is the rate
of momentum change in the control volume. on the right-hand
side, qAd v2x

� �
, PIIAII , PdAd , Fp, Fx; and Fa are momentum efflux at

the exit, entrance pressure force, exit pressure force, pressure force
along the capillary wall, viscous force along the wall, and oscilla-
tory inertial force, respectively. Ad and AII are the cross-sectional
areas of the outlet of the constricted tube and the three-phase con-
tact positions for the upstream meniscus of wetting fluid. Pd and
PII are the pressure of the outlet of the constricted tube and three-
phase contact positions for the upstream meniscus of wetting
fluid.

The modeling approach for fluid domain II follows the same logic
as previously discussed. Here, we directly present the momentum bal-
ance equation for the bubble, and the detailed derivation can be found
in Appendix A
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qk2 hð Þ Ld � hð Þ d
2h
dt2

¼ qk2 hð Þ dh
dt

� �2

� 4
3
q
k4 hð Þ
k2 xð Þ

ds
dt

� �2

þ DPk2 Ldð Þ � 16lk2 hð ÞN3 hð Þ dh
dt

� 8lk2 hð ÞN1 hð Þ dh
dt

� qk2 hð Þa tð Þ Ld � hð Þ; (32)

where

DP ¼ Pi
gV

i
g

Vg
þ 2r

kmen hð Þ � Pd; (33)

when Pu � Pd is a fixed value, Eqs. (29) and (A17) represent the
single-channel model of the bubble.

E. Parallel straight tube

In our model, the straight tube and the contraction tube are
parallel and of the same length, so they have the same pressure dif-
ference. The sum of the flow rates in the straight tube and the
constricted tube is equal to the preset total flow rate, so that we
can get

Q ¼ Q1 þ Q2; (34)

where Q2 represents the flow rate in the parallel straight tube.
The Hagen–Poiseuille flow equation applies in the straight tube

due to its low velocity. Equation (35) describes the relationship
between pressure difference and flow rate as follows:

Q2 ¼ pr4

8lwL
Pu � Pd þ qwa tð Þ� 	

; (35)

where r is the radius of the straight tube. Here, we set the pressure of
the outlet to zero.

F. Frequency response function

In a harmonic oscillator, the frequency response function cap-
tures important oscillatory characteristics, such as the damping ratio,
resonance frequency, and output displacement magnification.
Similarly, to describe the oscillation behavior of droplets in this system,
the frequency response function can be defined as the ratio of output
displacement to input acceleration amplitude. It has the same func-
tionality as the susceptibility function used by Hilpert et al.,20 and is
expressed in a dimensionless format:37

v xð Þ ¼ � Dh
a xð Þx

w
c ; (36)

where Dh is the output displacement, and the negative sign arises from
the fact that a(x) denotes the acceleration of the tube, while the accel-
eration imposed on the non-wetting fluid is equal in magnitude but
opposite in direction. The xn

c is the characteristic frequency of the
nonwetting phase as defined in Eq. (37). To non-dimensionalize v(x),
as referred to in Hilpert19

xw
c ¼ lw

qwk
2 hð Þ : (37)

During the derivation of the frequency response function, it is
assumed that the oscillation amplitude of the bubble is small, mak-
ing the linear approximation applicable. To rigorously quantify the
scope of this approximation, we establish an explicit criterion for
its breakdown based on the relative displacement of the meniscus.
Following the work of Hilpert,19 the linear regime is defined by the
condition that the dimensionless displacement amplitude satisfies
Dh/h0 < 1. When the oscillation amplitude exceeds this threshold
(Dh/h0 � 1), the geometric nonlinearity of the capillary force
becomes dominant, rendering the linear frequency response func-
tions (derived below) invalid. This criterion will serve as the
benchmark for distinguishing between linear and nonlinear
responses in the subsequent analysis.

The frequency response functions can be reformulated as

vI xð Þ ¼ 1

ΧI
0

� 	2 � ΧI
w

� 	2
k2 hð Þqw Ld � hð Þ þ 16lwM3 sð Þ þ 8lwM1 sð Þð Þ

qw Ld � hð Þ
i

ΧI
w

 ! ; (38)

vII xð Þ ¼ 1

ΧII
0

� 	2 � ΧII
w

� 	2
k2 hð Þ

qw Ld � hð Þ þ 16lwM3 sð Þ þ 8lwM1 sð Þ þ 8lwLk
2 sð Þ

r4

� �
qw Ld � hþ Lð Þ

i

ΧII
w

0
B@

1
CA

: (39)

It is important to emphasize that the derivation of the analytical
frequency response functions [Eqs. (38) and (39)] is based on the
small-perturbation assumption, where the oscillation amplitude of
the bubble is significantly smaller than the initial fluid column length
(Dh � h0). Under this condition, the capillary restoring force can be
linearized, allowing for the derivation of explicit expressions for natu-
ral frequency and damping. The distinct structures of Eq. (38) for the

single-channel model and Eq. (39) for the pore-doublet model reflect
the fundamental physical differences between the two systems.
Specifically, the additional terms appearing in the denominator of
the pore-doublet function [Eq. (39)] represent the effective inertial
mass and viscous dissipation contributed by the fluid oscillating in
the bypass channel. These terms are absent in the single-channel for-
mulation. Consequently, these linear analytical solutions serve to
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qualitatively identify how bypass flow modifies the system’s intrinsic
properties (mass and damping) in the linear limit, rather than to quan-
titatively predict large-amplitude nonlinear excursions.

The detailed derivation of the frequency response function can be
found in Appendix B.

III. METHODOLOGY

To quantify the deviation introduced by neglecting bypass flow in
single-channel models relative to the pore-doublet model, we conduct
a comparative analysis in both the frequency and time domains. In the
frequency domain, we adopt a forced oscillator framework to derive
the analytical frequency response functions of the governing equations
and compare results across models. In the time domain, we numeri-
cally solve the governing equations to obtain the time-dependent bub-
ble displacement h(t) for both models and validate the results against
CFD simulations. This section describes the numerical methods used
to solve the model equations and outlines the CFD modeling strategy,
including the key assumptions, parameter settings, and boundary con-
ditions. The combine analysis enables a systematic assessment of the
impact of bypass flow on the bubble dynamics and the fidelity of
reduced-order models under vibration excitation.

A. Driven harmonic oscillator

The frequency response function characterizes the natural fre-
quency and damping coefficient of a vibratory system, which are key
factors in determining the resonance of a bubble. To investigate how
the resonance frequencies of bubbles differ between the two models,
we compared their respective frequency response functions. We begin
by illustrating the structure of the frequency response function, draw-
ing parallels to the behavior of a harmonic oscillator. The conventional
formulation of a driven oscillator is expressed as follows:

m€x þ c _x þ k0x ¼ F tð Þ; (40)

where x is the time-dependent displacement function of the object, the
dot above x indicates the derivative with respect to time, c is the damp-
ing, x0 ¼

ffiffiffiffiffiffiffiffiffi
k=m

p
is the natural frequency of the system; FðtÞ is the

driving force acting on the system. The acceleration of the object can
be calculated as a tð Þ ¼ FðtÞ=m. When the external driving force is
harmonic, the displacement of the object also follows a harmonic
form. By transforming the oscillator model in Eqs. (38) and (39) into
the frequency domain, the same frequency response function as in
Eq. (41) can be applied. Therefore, the form of the frequency response
function is

v xð Þ ¼ 1

Χ2
0 �Χ2

n 1þ c
m
i
x

� � ; (41)

where v(x) is a complex number, and its absolute value vðxÞ

 

 repre-
sents the ratio of output displacement to input acceleration, while the
relative magnitudes of the imaginary and real parts indicate the phase
angle between the output displacement and input acceleration.
Resonance occurs when the peak of vðxÞ

 

 is located at a non-zero fre-
quency. In Eq. (41), the coefficient of Χ2

n is a complex number, with
the real part representing the mass term and the imaginary part repre-
senting the damping term. This information will be used to compare
the frequency response functions of the two models.

B. Numerical solution procedure for the theoretical
model

Equations (29), (32), (34), and (35) are coupled together to solve
for the transient values of s and h, as well as the pressure and flow rate
within the constricted tube. Equations (29) and (32) represent initial
value problems, requiring appropriate initial conditions to fully define
the system. Initially, the bubble is assumed to be trapped at the con-
striction, meaning that all fluid flow occurs in the straight tube. The
initial conditions are as follows:

h 0ð Þ ¼ h0; (42)

s 0ð Þ ¼ s0; (43)

dh 0ð Þ
dt

¼ 0: (44)

A fourth-order Runge–Kutta method is employed to integrate
Eqs. (29) and (32) in time. The Gaussian quadrature with 16 points is
used to evaluate the integrals in Eqs. (14), (17), (20), (21), (A3), (A7),
(A10), and (A11). The time step is set to 5� 10�5. The pressure drop
Pu – Pd is first determined from Eqs. (34) and (35) as the bubble is
trapped at the constriction. With known pressure drop, the down-
stream contact line h can be updated by solving Eqs. (4) and (14). The
geometric parameters and fluid properties are rmin¼ 0.5mm,
rmax ¼ 2.5mm, L¼ 10mm, Lu¼ �20mm, Ld ¼ 20mm, h0 ¼
�0.6299mm, s0 ¼�15mm, qw ¼ 1000 kg/m3, lw ¼ 0.001Pa s. The
total flow rate Q¼ 2.3� 10�9 m3/s, r¼ 0.8mm, L¼ 40mm. The con-
tact angle of the wetting phase is set to 0	.21

C. CFD modeling

The two-phase Navier–Stokes equations are solved using the vol-
ume of fluid (VOF) method within the finite volume framework in
FLUENT, and the results are compared with theoretical models,
including both single-channel and pore-doublet models. The Navier–
Stokes equations describe the dynamics of each fluid phase
individually

q
@

@t
~v þ qr ~v~vð Þ ¼ �rP þ lr r~v þ~vTð Þ þ~F

r~v;

8><
>: (45)

where~v is the velocity vector; q is the density of fluid; l is the viscosity
of fluid; P is the static pressure;~F is the body force. The VOF method
is used to describe two-phase flow. In the VOF approach, the parame-
ters q and l in Eq. (45) represent the volume-fraction-weighted den-
sity and viscosity, respectively, within each computational cell. The
body force considered in this study is the sum of the volumetric surface
force and the oscillatory body force

~F ¼ rjran � qa tð Þ; (46)

where j is the curvature of the interface; an is the volume fraction of
the nonwetting phase. In this study, the VOF method is used to model
the two-phase flow, where the non-wetting fluid was defined as the
secondary phase and assigned a value of 1.

Because of the inherent difficulty in directly tracking the leading
edge of the bubble within CFD simulations, we develop a computer
vision-based post-processing method to extract the front interface
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position with high fidelity. This method involves applying color mask-
ing to isolate the red and blue channels that represent the bubble, fol-
lowed by Gaussian filtering to suppress image noise. The front
interface is then identified by computing the indices of non-zero col-
umns in the filtered images, allowing precise localization of the bub-
ble’s contact point. A detailed pseudocode description of the image-
processing pipeline is provided in the Supplementary Material.

While conventional single-channel CFD models can accommo-
date fixed pressure differences, modeling the pore-doublet geometric
structure requires a more complex challenge due to the inherently
time-dependent boundary pressures. To overcome this limitation, we
design a custom boundary control strategy using a user-defined func-
tion (UDF) embedded in the CFD solver. This approach dynamically
adjusts the boundary pressure based on a theoretically derived model,
enabling accurate simulation of the dual-tube system. The derivation
of the pressure boundary model and the corresponding UDF logic are
both detailed in the Supplementary Material.

Given the high computational cost of transient VOF simulations,
which require resolving dynamic contact lines with varying time steps,
we adopt a strategic sampling approach for quantitative validation
rather than a continuous spectral sweep. The CFD simulations are
conducted at selected critical frequencies to benchmark the theoretical
model across three distinct dynamic regimes: the low-frequency limit
(e.g., 1Hz), to validate the model’s handling of quasi-static capillary
restoring forces and viscous dissipation; the high-frequency limit
(e.g., 10Hz), to verify the inertial terms and dynamic coupling effects
when acceleration dominates; and the resonance region, where we per-
form dense frequency sampling around the predicted resonance peaks
to rigorously test the model’s ability to capture maximum oscillation
amplitudes and frequency shifts. This multi-point validation strategy,
applied under both small-amplitude and large-amplitude excitations,
ensures that the theoretical model is quantitatively accurate in captur-
ing the key physics of the system.

The UDF employs an explicit coupling scheme, updating the
boundary pressure based on flow data from the previous time step.
This can introduce numerical pressure oscillations (artifacts) if the
time step is large. In this study, a time step of 5� 10�5 s was strictly
enforced to minimize this coupling latency. Additionally, the UDF
assumes incompressible pressure transmission through the bypass
channel, neglecting acoustic propagation delays, which is a valid
assumption for the low-frequency range (1–10Hz) considered here.

IV. RESULTS

We compare the single-channel model and the pore-doublet
model from both frequency-domain and time-domain perspectives.
The frequency-domain analysis, based on linearized approximations,
is limited to small-amplitude oscillations but explicitly incorporates
pressure redistribution caused by the bypass channel. In contrast, the
time-domain analysis does not rely on linearization and, when com-
bined with CFD simulations, captures large-amplitude oscillations and
nonlinear coupling effects associated with bypass flow. Building on
these analyses, we evaluate the influence of bypass flow on key
dynamic characteristics, including resonance frequency, damping, and
mobilization thresholds. We further quantify the physical significance
of discrepancies between the linear frequency-domain results and the
nonlinear time-domain responses.

A. Comparison in the frequency domain

The frequency response functions from the two models, as shown
in Eqs. (38) and (39), are explicit. In these equations, the term vðxÞ in
the denominator represents the dimensionless natural frequency, while
the second term, in complex form, indicates the damping coefficient.
The resonance frequency of the bubble is determined by both the natu-
ral frequency and the damping coefficient.

To better interpret the expression for the natural frequency, we
draw an analogy to the classical harmonic oscillator. The natural fre-
quency of a harmonic oscillator can be expressed as x0 ¼

ffiffiffiffiffiffiffiffiffi
k=m

p
. In

the present model, the coefficient 2rf ðb;�; x�Þ=r2min in Eq. (B9),
derived from the linearization of capillary forces,19 plays a role analo-
gous to the spring constant k, The remaining term within the square
root is the inverse of the effective fluid mass, analogous to 1/m.
Notably, the effective fluid mass differs fundamentally between the two
models, as revealed by the analytical expressions for natural frequency
derived in Appendix B. By comparing Eq. (B12) for the single-channel
model and Eq. (B13) for the pore-doublet model, we can explicitly
decompose the inertial contributions.

In the single-channel model, the effective mass term in the
denominator is proportional to qw(Ld � h), which corresponds strictly
to the inertia of the downstream fluid column within the constricted
tube. In contrast, the pore-doublet model contains an additional iner-
tial term, resulting in an effective mass proportional to qw(Ld �
hþ L). Here, the term qwL represents the explicit contribution of the
fluid mass within the bypass channel to the system’s total inertia. Since
the natural frequency scales with the inverse square root of the effective
mass (x0 / M�1=2

eff ), the mathematical inclusion of this bypass inertial
term (qwL) directly explains the reduction in resonance frequency
observed in the pore-doublet model.

As illustrated in Fig. 1(b), the single-channel model considers
only the wetting fluid slug in the constricted tube. However, under
vibration, fluid in the bypass channel also oscillates. This bypass flow
contributes to the system’s inertia and must be included in the effective
mass term for accurate natural frequency computation. Accurate char-
acterization of the oscillatory behavior of immiscible fluids thus
requires incorporating the full mass of all dynamically coupled fluid
components.

The damping terms in the denominator of the frequency
response function are also compared. In the pore-doublet model,
damping arises frommultiple sources: viscous forces acting on the wet-
ting fluid segments within the constricted tube, wall-induced pressure
losses, inertial effects associated with oscillating immiscible fluids, and
pressure drops across the bypass flow path. In contrast, the single-
channel model neglects the contribution of the bypass flow and associ-
ated dissipation mechanisms. As a result, it systematically underesti-
mates the total damping of the system, leading to inaccuracies in the
predicted amplitude and phase of the frequency response.

The frequency response function quantifies the relationship
between the output displacement amplitude of the nonwetting droplet
and the input acceleration under vibration excitation. Using the geo-
metric and fluid parameters specified in Sec. IIIB, we compute the
absolute values of the frequency response functions for both models
(Fig. 3). Under the given conditions, both models exhibit under-
damped behavior, with well-defined resonance peaks observed at
approximately 3.6Hz for the single-channel model and 2.6Hz for the
pore-doublet model. The single-channel model yields sharper and
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higher resonance peaks compared to the pore-doublet model, indicat-
ing a lower effective damping. This is consistent with the previous
analysis of damping contributions. The qualitative features of the
response curves, particularly the steepness near resonance, serve as
indicators of system damping. A steeper slope around the resonance
frequency reflects reduced energy dissipation. The broader and flatter
peak in the pore-doublet model thus suggests enhanced damping due
to bypass flow and associated viscous losses.

These results confirm that incorporating bypass flow alters the
system’s effective oscillating mass and enhances overall damping via
additional shear forces and pressure perturbations. Consequently, the
pore-doublet model offers a more accurate representation of bubble
dynamics than the single-channel model, which overestimates reso-
nance frequency and amplitude by neglecting these mechanisms.
These findings highlight the necessity of explicitly incorporating
bypass flow effects in theoretical modeling to improve predictive
fidelity.

B. Comparison in time domain

The amplitude of bubble oscillations is strongly influenced by
proximity to microseismic sources or other vibrational energy inputs.
To capture this amplitude-dependent behavior, we compare the two
models under small-amplitude and large-amplitude excitations sepa-
rately. For small-amplitude excitations, the results from time-domain
simulations are consistent with those obtained from linearized
frequency-domain analysis. However, when the relative displacement
becomes large (i.e., Dh=h0 > 1), the linear approximation of capillary
forces with respect to Dh becomes invalid. In this regime, the full non-
linear governing equations must be solved to capture the bubble
dynamics accurately. Large-amplitude oscillations exhibit strong non-
linear behavior, and the associated displacements h(t) lead to signifi-
cant deviations from the linear model predictions. As a result,

linearized formulations become inadequate for modeling bubble mobi-
lization under large-amplitude excitation.

1. Small-amplitude excitation

This subsection investigates the linear response behavior under
low-amplitude vibrational forcing and compares model predictions
with direct numerical simulations. We begin by examining the
response of the system under small-amplitude excitations. The govern-
ing equations are numerically solved to quantify the oscillation of the
non-wetting droplet in the time domain. To facilitate analysis, we
define the amplification ratio, which is similar to the frequency
response function, as

n ¼ h tð Þ


 


a tð Þ


 

 xx

c

� 	2
; (47)

where n is a dimensionless variable. The parameters used to calculate
n are referenced in Sec. III B. The amplitude of acceleration is
A¼ 0.01 m/s2.37

To validate the theoretical framework, time-domain CFD simula-
tions are performed under identical excitation conditions. First, to
explicitly visualize the underlying fluid dynamics, Fig. 4 presents the
spatiotemporal evolution of the phase distribution and velocity field
over a single oscillation period (T). As shown in the velocity stream-
lines, the fluid exhibits periodic flow reversal and localized vortices
within the constricted tube, driving the oscillatory deformation of the
bubble. Quantitative comparisons of the displacement h(t) are shown
in Fig. 5. It should be noted that CFD simulations are conducted at
selected representative frequencies to capture key dynamic regimes.
Under small-amplitude excitation (A¼ 0.01m/s2), the results are veri-
fied for both the boundary frequencies (1 and 10Hz) and the predicted
resonance frequencies (approximately 2.6Hz for the pore-doublet
model and 3.6Hz for the single-channel model). The oscillatory
motion obtained from both the theoretical model and CFD simula-
tions consists of two distinct stages: an initial transient stage and a
steady-state stage. The transient stage is primarily influenced by initial
conditions and dissipative effects, gradually decaying over time, while
the steady-state response emerges once the system reaches dynamic
equilibrium. Therefore, in this study, we focus primarily on the steady-
state response, as it effectively characterizes the resonance behavior of
the system.

The theoretical models reproduce both the amplitude and phase
observed in the CFD simulations with minimal discrepancy in the
steady-state regime, supporting the validity of the theoretical model.
Minor discrepancies observed in the transient stage, limited to the ini-
tial few cycles, are attributed to differences in the treatment of viscous
forces within the convergent–divergent section. Since the transient
oscillation consists of both forced and free modes and is highly sensi-
tive to damping, it is not discussed in detail here.

Figure 6 presents the time-domain comparison between the
single-channel model and the pore-doublet model. Under the specified
parameter conditions, both models exhibit resonance, with corre-
sponding resonance frequencies of 3.6Hz for the single-channel model
and 2.6Hz for the pore-doublet model. These results are consistent
with those from the frequency-domain analysis, confirming that the
system remains within the linear response regime at the current excita-
tion level.

FIG. 3. The absolute value of the frequency response function in the two models.
The peak ratio and the associated resonant frequency are marked by the circle at
the coordinate in the plot. The theoretical results were acquired from 200 points in
the interval between 0.1 and 6 Hz.
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However, it is noteworthy that the resonance amplitudes
observed in the time-domain responses are substantially lower than
those predicted by the frequency-domain analysis. This discrepancy
primarily arises from methodological differences: the time-domain
response is obtained by solving the governing differential equations,
explicitly accounting for damping effects. Even within the linear
regime, damping reduces oscillation amplitudes during the transient
phase. In contrast, frequency-domain analysis typically assumes the
system has reached a steady state and neglects energy dissipation dur-
ing transients, thereby overestimating the resonance peak.

More importantly, the observed differences in resonance fre-
quency and amplitude between the two models reflect fundamental
changes in system dynamics induced by the presence of bypass flow.
Compared to the single-channel model, the pore-doublet model
explicitly incorporates the influence of the bypass channel, introducing
additional fluid mass and viscous dissipation terms. The inertial

contribution from fluid in the bypass path lowers the system’s effective
natural frequency, while the associated viscous resistance increases
overall system damping. These coupled effects manifest as reduced res-
onance frequency and attenuated amplitude, as observed in both fre-
quency- and time-domain results. This highlights the physical
relevance of bypass flow in governing bubble oscillation dynamics and
underscores its importance in realistic modeling of partially saturated
porous media.

2. Large-amplitude excitation

Under large-amplitude excitation conditions, we first consider
the scenario where the bubble remains trapped and does not cross the
pore throat. To isolate this behavior, we select an appropriate excita-
tion amplitude to ensure the bubble remains pinned throughout the
vibrational forcing. After iterative calibration, we choose an excitation
amplitude of 0.1m/s2. As in the small-amplitude analysis, we compare
the theoretical model with CFD simulations for both models at
A¼ 0.1m/s2 (Fig. 7). The results show that under large-amplitude
excitation, the theoretical model still captures the dynamic response
observed in the CFD simulations. Figure 8 shows the relationship
between the system’s amplification factor and frequency. The results
indicate that both the single-channel model and the pore-doublet
model exhibit resonance. However, in contrast to the small-amplitude
case, we observe a clear resonance softening effect, with the resonance
peak shifting to lower frequencies. Specifically, the resonance fre-
quency decreases from 3.6 to 3.4Hz for the single-channel model, and
from 2.6 to 1.9Hz for the pore-doublet model. This frequency shift
indicates that the system enters the nonlinear response regime.38

To rigorously validate these theoretical predictions, especially the
amplitude-dependent resonance offset, we performed transient CFD
simulations and dense frequency sampling around the formants.
Figures 9 and 10 show detailed time-domain comparisons of single-
channel and aperture dual-state models, respectively. Quantitative
analysis of the steady-state response showed excellent agreement
between the CFD results (red dotted line) and the theoretical
predictions over the linear interval at small excitation amplitudes
(A¼ 0.01 m/s2). Specifically, the relative error of steady-state amplitude
remains low at linear resonance frequencies (3.6Hz for the single-
channel model and 2.6Hz for the pore-doublet model), averaging about
1.6%, and the phase difference is negligible (Du < 2	). These results
confirm that the linear model accurately captures viscous damping and
effective inertia. For the nonlinear interval (A¼ 0.1 m/s2), the predicted
frequency offset was verified, and the CFD simulation showed that the
maximum amplitude response of the pore bimorphism model dropped
to 1.9Hz with a relative error of 7.3%. This high deviation is due to the
chaotic interface fluctuations and complex bypass coupling captured by
the VOF method, which has been simplified in the theoretical model.
Similarly, the resonance frequency of the single-channel model is
directed toward 3.4Hz with a relative error of 4.1%. Even in the nonlin-
ear interval, the phase hysteresis maintains a good boundary (Du < 6	),
indicating that the theoretical model correctly scales the energy dissipa-
tion of the system. Together, these indicators show that the proposed
framework effectively captures the “softening” of rigid and nonlinear
damping mechanisms, providing a robust prediction tool for bubble
dynamics at different excitation levels.

The nonlinear time-domain model captures this frequency drift
and dynamic behavior more accurately than the frequency-domain

FIG. 4. Spatiotemporal evolution of bubble morphology and flow field characteristics
over a single vibration period. The subplots (a)–(e) correspond to five key instants:
t¼ 0, T/4, T/2, 3 T/4, and T. In each panel, the upper part displays the phase distri-
bution contours (blue represents the gas bubble, red represents the wetting liquid),
showing the periodic extension and retraction of the interface. The lower part visual-
izes the corresponding velocity streamlines and vector fields within the constricted
tube. These streamlines clearly illustrate the periodic flow reversal and the formation
of transient vortices near the menisci driven by the oscillatory inertial forcing.
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response function model, which relies on linear assumptions and can-
not reliably describe such nonlinear changes. In the nonlinear regime,
the influence of bypass flow on the system’s characteristics becomes
increasingly significant. During large-amplitude bubble oscillations,
fluid exchange continues to occur through the bypass path in the pore-
doublet model, causing variations in both the effective mass and
viscous dissipation terms with amplitude. This nonlinear coupling
introduced by bypass flow results in a more pronounced frequency
shift and stronger attenuation of the resonance peak in the pore-
doublet model compared to the single-channel model. As a result, the
resonance response becomes more subdued, with increased damping.
Although both models exhibit resonance softening, the contribution of
bypass flow to damping and energy dissipation is notably stronger
under high-amplitude excitation, further suppressing the bubble’s res-
onance amplification. These findings suggest that once the system
enters the nonlinear regime, bypass flow not only alters the frequency
response profile but also delays the onset of instability or bubble
mobilization.

Additionally, we compare the critical amplitude Acrit at which the
system transitions from linear to nonlinear behavior for both models
as the oscillation amplitude increases. In the linear regime, changes in
amplitude do not alter the shape of the frequency response function
but only amplify the response,39,40 with results similar to those
obtained from frequency-domain analysis.41 However, once the excita-
tion amplitude exceeds Acrit, the frequency response function changes,
and resonance frequency shifts, chaotic behavior, and other phenom-
ena emerge. The onset of nonlinearity leads to instability in the system.
Therefore, identifying Acrit is important for ensuring safety in practical
engineering applications. We define the critical amplitude as the exci-
tation amplitude at which the absolute frequency shift of the resonance
frequency relative to the linear system exceeds 2%.

As the excitation amplitude increases, we observe a significant
change in Acrit. As shown in Fig. 11, with increasing excitation ampli-
tude, the frequency response function exhibits a notable change. At
low amplitudes, the system behaves linearly, and the frequency
response curve shows linear amplification. However, once the

FIG. 5. Comparative validation of the theoretical displacement response h(t) under small-amplitude excitation (A¼ 0.01 m/s2). (a) and (b) show the comparison between the
single-channel model and CFD at excitation frequencies of 1 and 10 Hz, respectively; in (b), the arrow marks the region where a magnified inset is provided. (c) and (d) present
the corresponding results for the pore-doublet model at 1 and 10 Hz. In all cases, the dashed red line represents the theoretical model prediction, and the solid black line repre-
sents the CFD simulation result.
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amplitude reaches a critical value, the frequency response curve under-
goes a substantial change, with resonance frequency shifts and peak
attenuation typical of nonlinear behavior. Figures 11(a) and 11(b)
show the responses of the pore-doublet and single-channel models
under different excitation amplitudes.

Figure 12 illustrates that the pore-doublet model enters the
nonlinear stage at a lower excitation amplitude (0.04m/s2), while
the single-channel model requires a higher excitation amplitude
(0.08m/s2). This difference indicates that the pore-doublet model
exhibits nonlinear characteristics at lower excitation levels. To theoreti-
cally substantiate the observed resonance softening, we analyze the
capillary restoring force in the governing equations [Eqs. (29) and
(32)], noting that the pore constriction is geometrically defined by a
cosine function [Eq. (1)]. Since the capillary pressure is determined by
the local radius [Pc/ 1/k(x)] and the restoring force arises from
the pressure gradient [Fcap/�(@Pc/@x)], the restoring force is mathe-
matically proportional to the spatial derivative of the pore radius.
Consequently, the derivative of the cosine-shaped geometry yields
a restoring force that follows a sine function of displacement [Fcap
/ sin(kx)]. By performing a Taylor series expansion of this sinusoidal
force around the equilibrium position, we obtain a form analogous to
the Duffing oscillator, Fcap
 ax� cx3, where the linear term (ax) rep-
resents the small-amplitude stiffness. Crucially, the cubic term stems
from the third-order expansion of the sine function (sin h
 h � h3/6),
resulting in a naturally negative coefficient (�c, corresponding to
b < 0 in the standard Duffing equation). This mathematical derivation
rigorously proves that the restoring force increases less than linearly as
the bubble moves into the wider sections of the pore, thereby reducing
the effective stiffness and causing the downward frequency shift
(softening) observed in the large-amplitude regime.

Further analysis attributes the earlier onset of nonlinear behavior
in the pore-doublet model to bypass flow. As excitation amplitude

increases, the bypass channel introduces complex fluid pathways that
modify the system’s effective mass and damping. This nonlinear cou-
pling accelerates the transition to nonlinearity compared to the single-
channel model, demonstrating the critical role of bypass flow in modu-
lating system stability.

As the excitation amplitude increases further, the bubble meets
the previously defined mobilization criterion, overcoming the capillary
resistance and passing through the pore throat under oscillatory forc-
ing. Before analyzing the critical mobilization behavior in detail, it is
necessary to clarify the flow assumptions and boundary conditions
adopted in this study. We assume Poiseuille flow as the velocity profile
within the channels, which requires a finite time to fully develop.
According to Deng and Cardenas,21 the time required to establish a
complete Poiseuille velocity profile should be comparable to the oscil-
lation period; otherwise, the flow will not fully develop, compromising
the accuracy of momentum transfer. Based on this consideration, we
set the frequency range in this study to 1–10Hz to ensure that the
velocity profile can fully develop within each oscillation cycle.

With further increases in excitation amplitude, the previously
trapped bubble eventually becomes mobilized. We define the critical
mobilization acceleration, Ac, as the minimum vibration acceleration
required for the bubble to overcome the pore throat constraint. Within
the selected frequency range, a comparative analysis of Ac under the
single-channel model and the pore-doublet model is presented in
Fig. 13. The results show that Ac does not increase monotonically with
frequency under resonant conditions. Instead, it exhibits a non-
monotonic, phase-dependent nonlinear behavior. Initially, as fre-
quency decreases, both models show an increase in Ac, due to shorter
vibration cycles at higher frequencies, which reduce the effective force
applied per unit time and therefore require larger acceleration ampli-
tudes to achieve mobilization. However, once the excitation frequency
enters the resonance range, both models exhibit a decreasing trend in
Ac, indicating that the enhanced oscillation amplitude associated with
resonance facilitates bubble mobilization.

More importantly, differences are observed not only in the mag-
nitude of Ac between the two models, but also in their respective reso-
nance frequency ranges: the single-channel model exhibits resonance
at 6–7Hz, while the pore-doublet model resonates at 7–8Hz. This dis-
crepancy arises from nonlinear coupling in the pore-doublet model,
where fluid in the bypass channel creates an additional dynamic path-
way. This coupling varies the system’s effective mass and damping
with frequency, increasing sensitivity and lowering critical mobiliza-
tion thresholds under resonant conditions. Furthermore, bypass flow
enhances pressure redistribution and capillary pressure differentials
under vibrational forcing, accelerating interface deformation and
thereby further reducing Ac.

These findings highlight the crucial role of bypass flow in dictat-
ing nonlinear bubble dynamics under vibrational forcing. Accurate
prediction of bubble mobilization in porous systems, therefore,
requires explicit modeling of the coupled dynamics between primary
and bypass flow paths.

C. Effect of permeability on resonance frequency

To demonstrate the robustness of the resonance frequency reduc-
tion caused by bypass inertia, we analyzed the system response under
varying permeability conditions. By varying the geometric parameters
of this equivalent channel, we perform a sensitivity analysis to quantify

FIG. 6. Comparison of the frequency response curves for the single-channel model
and the pore-doublet model under small-amplitude excitation (A¼ 0.01m/s2). The
peaks of the frequency response curves for both models are marked, defined as
the resonance frequency f0 and resonance peak n0. Under small-amplitude excita-
tion, the resonance frequencies for the two models are 2.6 and 3.6 Hz, respectively.
The fluid properties are r¼ 0.045 N/m, qw ¼ 1000 kg/m3lw ¼ 0.001 Pa s.
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how the hydraulic properties of the bypass path, representing different
degrees of pore connectivity, alter the resonance frequency and ampli-
tude. The permeability of each tube is estimated using the classical cir-
cular tube formula, k¼ r2/8, where r is the tube radius. This
configuration allows for a parametric investigation of how effective
permeability influences the vibrational response of trapped gas bubbles
under vibration excitation. The radii of the straight tubes are set to
r¼ 0.6, 0.7, and 0.8mm, respectively, corresponding to permeabilities
of 45.6, 62.0, and 81.1 mD, respectively. At the same time, we need to
ensure that the initial position of the bubble remains unchanged.
Therefore, according to the Poiseuille flow criterion, the initial flow
rates corresponding to the three permeabilities are as follows:
2.3� 10�9, 4.31� 10�9, and 7.20� 10�9 m3/s.

As shown in Fig. 14, under three k conditions, the frequency
response function of the bubbles exhibits consistent characteristics.
While the added effective mass from the bypass flow (qwL) fundamen-
tally lowers the natural frequency compared to the single-channel
model, the specific resonance value is altered by the viscous damping.

As k increases, the time response curve shifts to the right, with both
resonance frequency and peak amplitude increasing. According to the
damping term in Eq. (39), a larger channel radius reduces system
damping, which in turn increases both resonance frequency and peak.
At low k (e.g., k¼ 45.6 mD in this study), the secondary resonance
peak is particularly prominent, with a frequency of approximately
1.5Hz, which is close to half of the primary resonance frequency
(3.1Hz). This result aligns with the findings of Prosperetti et al.41

However, as k increases, the secondary resonance peak gradually weak-
ens and eventually disappears, while the primary resonance peak
becomes more pronounced. This phenomenon may be attributed to
the high internal flow resistance in porous media with low k. The
increased resistance complicates and slows fluid flow patterns, enabling
greater energy accumulation in the secondary resonance mode and
resulting in higher amplitudes. Under nonlinear vibration conditions,
low-frequency secondary resonance modes may dominate energy dis-
tribution, making them more prominent compared to high-frequency
primary resonance modes.

FIG. 7. Comparative validation of the theoretical displacement response h(t) under large-amplitude excitation (A¼ 0.1 m/s2). (a) and (b) show the comparison between the
single-channel model and CFD at excitation frequencies of 1 and 10 Hz, respectively; (c) and (d) present the corresponding results for the pore-doublet model at 1 and 10 Hz;
in (d), the arrow marks the region where a magnified inset is provided. In all cases, the dashed red line represents the theoretical model prediction, and the solid black line rep-
resents the CFD simulation result.
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An intriguing and insightful phenomenon observed in this study
is the distinct behavior of gas bubbles and oil droplets under secondary
resonance conditions. Previous studies have shown that the secondary
resonance peaks of oil droplets typically appear on the right-hand side
of the primary peak and often correspond to integer multiples of the
fundamental frequency.42 This contrast arises from the fundamental
differences in their physical properties. Oil droplets, as homogeneous
liquid bodies, possess uniform density and elastic characteristics. Their
vibrational dynamics are primarily governed by surface tension and
internal viscous flows, resulting in more regular and predictable reso-
nance behavior. In contrast, gas bubbles exhibit pronounced com-
pressibility, heterogeneous phase interfaces, and more complex fluid-
structure interactions, leading to fundamentally different resonance
characteristics.43,44 In contrast, gas bubbles possess a complex gas-
liquid interfacial structure, and their vibrational behavior is strongly
influenced by interfacial coupling and nonlinear effects. As a result,
their secondary resonance frequencies are typically lower than those of
oil droplets.45,46 A deeper understanding of these physical characteris-
tics is critical for a wide range of industrial and natural processes,
including emulsion stability, flotation technologies, microfluidic device
operation, and ultrasonic imaging.47–50

Although similar phenomena have been noted in previous stud-
ies, a systematic investigation of permeability-dependent vibrational
behavior remains absent. The present work offers new insights into the
evolution of secondary vibrational modes under varying permeability
conditions, contributing to a more comprehensive understanding of
nonlinear bubble dynamics in porous media. It is important to note
that the permeability values employed here are derived from an ideal-
ized circular capillary model. While such geometric simplifications
may not fully capture the structural complexity of natural porous
media, they provide a tractable theoretical framework to isolate and

examine the effects of effective permeability on vibrational response
and bubble mobilization trends.

V. DISCUSSION
A. Bypass flowmodulates nonlinear bubble
oscillations

While prior studies have primarily focused on incompressible
droplets to model two-phase flow in porous media,18,19,21 the dynam-
ics of compressible gas bubbles under vibration remain far less under-
stood. Compared to droplets, gas bubbles exhibit pronounced
resonance behavior, strong inertial coupling, and highly deformable
interfaces, particularly under large-amplitude excitation. In this con-
text, momentum-based models, as advocated by Zeng and Deng,37 are
more appropriate than traditional pressure or force balance formula-
tions due to their ability to capture nonlinear dynamics. For instance,
Christov et al.51 demonstrated that inertia-induced displacement
mechanisms are distinct from capillary entrapment, which corrobo-
rates our finding that bypass flow alters the system’s effective inertia.

The present work extends this momentum framework by intro-
ducing a pore-doublet model that explicitly accounts for bypass flow,
an element that is absent in most conventional representations. Our
results demonstrate that bypass flow introduces three dominant mech-
anisms: (i) pressure redistribution damping, where time-lagged pres-
sure gradients resist bubble motion; (ii) shear-induced viscous
dissipation within the bypass conduit; and (iii) dynamic mass coupling
due to fluid inertia. Collectively, these mechanisms significantly alter
the oscillatory behavior of bubbles, reducing resonance amplitudes and
shifting resonance frequencies.

However, the influence of bypass flow is not limited to modifying
dynamic response; it also has implications for how bubbles unlock and
mobilize under subcritical forcing. Our results show that bypass flow
facilitates capillary pressure modulation, thereby lowering the mobili-
zation threshold. These insights challenge simplified models that
treat surrounding fluid regions as passive and suggest that local pore-
scale heterogeneities play an active role in controlling bubble
dynamics.

Despite these advances, several limitations warrant consideration.
First, the pore-doublet geometry employed here, while analytically
tractable, cannot fully capture the topological complexity of natural
porous networks. For instance, in three-dimensional systems, tortuos-
ity and interconnectivity may result in multipath bypassing, with dif-
ferent phase lags and dissipation scales. Second, the assumption of
Poiseuille flow neglects inertial effects near pore constrictions and
interface instabilities that may arise under high-frequency excitation.
Future studies may benefit from extending the model to more realistic
pore networks, incorporating stochastic distributions of throat sizes
and orientations.

Comparing our resonance frequencies with previous studies
highlights the critical role of compressibility: while droplets typically
resonate above 6Hz,37 the resonance frequencies predicted for gas
bubbles here fall within the 2–4Hz range. This suggests that previous
droplet-based models may overestimate system stiffness and underesti-
mate dissipation in gas-invaded porous media. Consequently, these
findings may have broader implications for modeling geophysical pro-
cesses, such as seismic-induced permeability enhancement or acoustic
wave attenuation in partially saturated zones.

FIG. 8. Comparison of the frequency response curves for the single-channel model
and the pore-doublet model under large-amplitude excitation (A¼ 0.1 m/s2). The
peaks of the frequency response curves for both models are marked, defined as
the resonance frequency f0 and resonance peak n0. Under large-amplitude excita-
tion, the resonance frequencies are 1.9 and 3.3 Hz, respectively. The fluid properties
are r¼ 0.045 N/m, qw ¼ 1000 kg/m3 lw ¼ 0.001 Pa s.
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B. Frequency dependence of bypass flow effects

The influence of bypass flow on bubble oscillation is strongly
dependent on excitation frequency, and this frequency dependence
reflects underlying differences in pressure redistribution and fluid

inertia within the system. At low excitation frequencies, the fluid has
sufficient time to adjust, resulting in relatively uniform pressure across
the bypass channel and weak coupling to the main flow path.
However, as the frequency increases, the timescale of oscillation

FIG. 9. Detailed time-domain validation of the pore-doublet model around its resonance frequencies. The black solid lines represent the theoretical model predictions, and the red
dashed lines represent CFD simulation results. The shaded regions (t> 1.5 s) indicate the steady-state phase used for amplitude comparison. (a)–(c) Linear regime (A¼ 0.01 m/
s2): Comparison at frequencies of 2.5, 2.6 (resonance), and 2.7 Hz. The excellent agreement confirms the accuracy of the model in the linear range. (d)–(f) Nonlinear regime
(A¼ 0.1 m/s2): Comparison at frequencies of 1.8, 1.9 (resonance), and 2.0 Hz. The CFD results verify the downward frequency shift (softening) predicted by the theory.
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approaches or exceeds the hydraulic response time of the bypass con-
duit. This mismatch leads to transient pressure differentials and iner-
tial lags that significantly enhance the interaction between the bypass
and primary channels.

Such behavior has been reported in multiphase microfluidics and
acoustic streaming systems, and its implications for bubble dynamics
in porous media remain underexplored.52–54 Accordingly, within the
frequency range considered in this study (0.1–10Hz), the dynamic

FIG. 10. Detailed time-domain validation of the single-channel model around its resonance frequencies. The subplots display the displacement response h(t) under different
excitation conditions. (a)–(c) Linear regime (A¼ 0.01 m/s2): Validation at 3.5, 3.6 (resonance), and 3.7 Hz. The theoretical and numerical curves are nearly identical, demon-
strating high predictive fidelity. (d)–(f) Nonlinear regime (A¼ 0.1 m/s2): Validation at 3.2, 3.3, and 3.4 Hz (resonance). Despite the larger amplitudes, the model effectively cap-
tures the dynamic response and the slight resonance shift.
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influence of bypass flow becomes progressively more pronounced with
increasing excitation frequency, and is particularly significant at the
higher end of the frequency spectrum.

It is important to emphasize that the theoretical model developed
in this work does not impose a fixed frequency threshold for the onset
of bypass effects. Instead, the role of bypass flow emerges naturally
through the unsteady solutions of the coupled governing equations
across varying frequencies. In particular, the construction of the fre-
quency response function explicitly incorporates the dynamic coupling

between the bypass channel and the primary flow path at the mathe-
matical level, ensuring continuity and physical consistency of the
model across the full range of excitation frequencies.

C. Model limitations

The current modeling framework incorporates several simplify-
ing assumptions that, while enhancing analytical tractability and

FIG. 11. Variation of the frequency response function with increasing amplitude.
The left panel illustrates three distinct stages as the amplitude increases, including
the linear, transition, and nonlinear stages. The central part of the image shows the
absolute frequency shift of the resonance frequency at the current amplitude com-
pared to the resonance frequency in the linear stage, after entering the nonlinear
regime. The right panel uses arrows to indicate the shift of the frequency response
curve from the bottom to the top, corresponding to increasing amplitude; (a) shows
the results for the pore-doublet model; (b) shows the results for the single-channel
model.

FIG. 12. Variation of resonance frequency with excitation amplitude. The figure
shows the resonance frequency changes for the pore-doublet model (red line) and
the single-channel model (blue line) at different excitation amplitudes. The linear
regions for each model are marked with black arrows. The critical amplitudes for
the transition from the linear to nonlinear stage are 0.04m/s2 for the pore-doublet
model and 0.08 m/s2 for the single-channel model.

FIG. 13. Comparison of the critical mobilization amplitude as a function of frequency
for the single-channel model and the pore-doublet model. The red bars represent
the single-channel model, and the blue bars represent the pore-doublet model. The
fluid properties are r¼ 0.045 N/m, qw ¼ 1000 kg/m3 lw ¼ 0.001 Pa s.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 38, 023314 (2026); doi: 10.1063/5.0312708 38, 023314-18

Published under an exclusive license by AIP Publishing

 
2
7
 
M
a
r
c
h
 
2
0
2
6
 
0
1
:
1
8
:
1
6

pubs.aip.org/aip/phf


physical clarity, also impose limitations in representing the complexity
of real-world subsurface environments: (i) excitation conditions
are idealized as purely harmonic with simplified hydraulic boundary
conditions. In contrast, real-world excitation is often broadband, inter-
mittent, and path-dependent, potentially activating additional mecha-
nisms such as acoustic radiation damping that are not accounted for in
this model.; (ii) fluid composition and interfacial processes are simpli-
fied by assuming a thermochemically inert, immiscible two-phase sys-
tem. As a result, interfacial phenomena such as rupture, coalescence,
gas dissolution, and phase change, which may be triggered under high-
intensity or long-duration excitation, are excluded;55,56 (iii) material
properties, including viscosity, density, and compressibility, are treated
as spatially and temporally constant. However, in situ thermal and
compositional gradients in geological formations can induce spatial
variability in fluid rheology and compressibility;57,58 (iv) bubble inter-
actions are neglected by focusing on the dynamics of a single trapped
bubble. In natural settings, interactions between multiple bubbles or
droplets, such as pressure field shadowing, superposition, and collec-
tive resonance modes, can substantially alter mobilization thresholds
and frequency response spectra; (v) pore geometry is represented by a
periodic, smooth-walled pore-doublet structure with a single charac-
teristic length scale. This simplification omits critical heterogeneities
such as pore-size distribution, connectivity disorder, and surface
roughness, which may lead to capillary pinning, localized stress
concentrations, and transient fluid-solid coupling across adjacent
pores.59,60 (vi) Gravity and buoyancy effects are neglected by assuming
an axisymmetric alignment. To rigorously assess the validity of
this simplification, we calculate the Bond number (Bo¼Dqgr2/r)
using representative parameters (Dq¼ 1000kg/m3, r¼ 0.5mm,
r¼ 0.045N/m). The resulting Bo
 0.05� 1 confirms that capillary
forces significantly outweigh gravitational forces in defining the bubble
shape. However, in horizontal arrangements, even weak buoyancy can
induce transverse bubble migration, leading to asymmetric wetting
films (thinning at the top wall). This asymmetry typically enhances

viscous dissipation compared to the concentric assumption employed
here. Therefore, while neglecting gravity is justified for isolating the
bypass-induced inertial and capillary mechanisms, it represents an ide-
alized condition that may underestimate the total system damping
compared to physical experiments where film drainage plays a role.

Collectively, these assumptions constrain the quantitative applica-
bility of the model to near-idealized conditions. Without case-specific
calibration or experimental validation, predicted resonance amplitudes
and mobilization thresholds should be interpreted as upper-bound
estimates, rather than precise forecasts for complex natural systems.

VI. CONCLUSION

This study develops a pore-scale theoretical and computational
framework that explicitly incorporates bypass flow to investigate the
nonlinear oscillatory behavior and mobilization of trapped gas bubbles
in porous media under vibrational forcing. By extending the classical
single-channel model to a pore-doublet geometry, the analysis demon-
strates that the presence of a bypass pathway significantly modifies the
dynamic balance between capillary, inertial, and viscous forces.
Analytical derivations and numerical simulations show that the added
oscillating mass and viscous dissipation introduced by bypass flow
lower the natural resonance frequency, broaden the damping response,
and suppress resonance amplification. These critical dynamics are con-
sistently underestimated in conventional single-channel models.

The proposed pore-doublet model captures both linear and
nonlinear regimes of bubble dynamics across a range of excitation
amplitudes and frequencies. Time-domain simulations reveal that the
pore-doublet model predicts lower mobilization thresholds than the
single-channel model, particularly under resonant conditions, due to
enhanced pressure redistribution and increased shear-induced energy
dissipation. The model also quantifies how variations in the permeabil-
ity of adjacent pores modulate oscillation frequency and amplitude,
thereby providing a predictive tool to relate vibrational response to
microscale structural features of the pore network.

This work highlights bypass flow as a critical and previously
underexplored mechanism governing bubble resonance, damping, and
mobilization in vibrated porous systems. By integrating theoretical
modeling with CFD validation, the proposed framework offers new
physical insights and establishes a broadly applicable modeling strategy
for analyzing two-phase dynamics under oscillatory forcing. The find-
ings are relevant to a range of engineering and geophysical applica-
tions, including enhanced oil recovery, carbon dioxide sequestration,
subsurface remediation, and microfluidic system design.

SUPPLEMENTARY MATERIAL

See the supplementary material for data used in this study are
available at Zenodo (DOI:10.5281/zenodo.18165681) and can be
accessed at the following link: https://zenodo.org/records/18165681
(Supporting_Information_Data_File).
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FIG. 14. Change of n with respect to the excited frequency f under the effect of per-
meability. The permeabilities of the straight tubes are 45.6, 62.0, and 81.1 mD,
respectively. The resonance frequencies are 3.1, 3.6, and 4.2 Hz, respectively.
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APPENDIX A: CONTROL-VOLUME DERIVATION
OF THE GOVERNING EQUATION

The average velocity hvxi of the downstream meniscus can be
expressed as

vxh i ¼ k2 hð Þ
k2 xð Þ

dh
dt

: (A1)

The viscous force along the wall surface in control volume is

Fx ¼ �8plk2 hð ÞN1 hð Þ dh
dt

; (A2)

where we define N1(x) as

N1 xð Þ ¼
ðx
h

1

k2 wð Þ dw: (A3)

The momentum efflux is

qAd vxh i2 ¼ 4
3
pq

k4 hð Þ
k2 xð Þ

dh
dt

� �2

: (A4)

The rate of momentum change becomes

q
d
dt

ð
V

vxh idV ¼ pqk2 hð Þ Ld � hð Þ d
2h
dt2

� dh
dt

� �2
" #

: (A5)

The pressure along the capillary in domain II integrates from
x¼ h to x

P xð Þ ¼ PII � 8lwk
2 sð ÞN2 xð Þ � qa tð Þ x � hð Þ; (A6)

where we define N2(x) as

N2 xð Þ ¼
ðx
h

1

k4 wð Þ dw: (A7)

The pressure force along the constricted wall is

Fp ¼ 2p
ðLd
h
P xð Þk xð Þdk xð Þ: (A8)

Substituting Eq. (A6) into Eq. (A8) gives

Fp ¼ pPII k2 Ldð Þ � k2 hð Þ� �
� 16lk2 hð ÞN3 hð Þ dh

dt
�pk2 hð Þqa tð Þ Ld � hð Þ þ pqa tð ÞN4 hð Þ;

(A9)

where we define N3(x) and N4(x) as

N3 xð Þ ¼
ðx
h
N2 xð Þk xð Þdk xð Þ; (A10)

N4 xð Þ ¼
ðx
h
k2 wð Þdw: (A11)

The hydraulic pressure in domain I near the upstream menis-
cus PII is related to the gas pressure in a bubble by the Young–
Laplace equation as

PII ¼ Pg � 2r

kmen hð Þ ; (A12)

where kmen h0ð Þ is the radius of curvature of the meniscus at x¼ h0.
At the initial stationary state (t¼ 0), the fluid in domain I is

assumed to be static, and the Young–Laplace equation can relate the
entrance pressure to the gas pressure by

Pi
g ¼ Pi

d þ
2r

kmen hð Þ : (A13)

Substitution of Eq. (23) into Eq. (A13) gives the transient pres-
sure PII as

PII ¼
Pi
gV

i
g

Vg
� 2r

kmen hð Þ : (A14)

The exit pressure force in the control volume is

PIIAII ¼ pk2 hð ÞPII : (A15)

The entrance pressure force is

PdAd ¼ pk2 Ldð ÞPd: (A16)

Substituting Eqs. (22), (A2), (A4), (A9), (A15), and (A16) into
Eq. (31) produces the governing equation in control volume II

qk2 hð Þ Ld � hð Þ d
2h
dt2

¼ qk2 hð Þ dh
dt

� �2

� 4
3
q
k4 hð Þ
k2 xð Þ

ds
dt

� �2

þ DPk2 Ldð Þ � 16lk2 hð ÞN3 hð Þ dh
dt

� 8lk2 hð ÞN1 hð Þ dh
dt

� qk2 hð Þa tð Þ Ld � hð Þ;
(A17)
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where

DP ¼ Pi
gV

i
g

Vg
þ 2r

kmen hð Þ � Pd; (A18)

when Pu � Pd is a fixed value, Eqs. (29) and (A17) represent the
single-channel model of the bubble.

APPENDIX B: DERIVATION OF THE LINEAR
FREQUENCY RESPONSE FUNCTION

The bubble is subjected to external vibration excitation.
Equation (8) can be expressed in a complex form

a tð Þ ¼ a xð Þe�ixt : (B1)

In this paper, we will analyze whether the downstream meniscus
of the bubble exhibits overshoot phenomena. Therefore, we will con-
struct a frequency response function based on the bubble’s downstream
meniscus. The transient positions of h can be expressed as

h tð Þ ¼ h0 þ Dhe�ixt ; (B2)

where h0 is the initial position of the downstream meniscus of the
bubble at the contact point, the rigorous expression for the small
displacement is: Dh=h0 � 1

In addition, based on Eq. (B2), the velocity and acceleration
can be formulated as

dh
dt

¼ �ixDhe�ixt ; (B3)

d2h
dt2

¼ �x2Dh � e�ixt: (B4)

For the sole purpose of deriving a linearized analytical solution
for small-amplitude microseisms, we introduce a simplifying
assumption that the volume change is negligible relative to the ini-
tial volume (DV�V0). It is important to note that this linearization
is not applied in the full nonlinear time-domain simulations pre-
sented in Sec. IV, where the exact thermodynamic pressure-volume
relationship [Eq. (23)] is rigorously solved, and we can obtain

DP ¼ Pi
g �

2r

kmen hþ Dhð Þ � Pd: (B5)

Substituting Eq. (A13) into Eq. (B5), we can obtain

DP ¼ 2r
kmen h0ð Þ �

2r
kmen h0 þ Dhð Þ : (B6)

Apply the linear approximation to Eq. (B6) to linearize the
relationship between pressure difference and displacement

DP ¼ �2r
f b;K; x�ð Þ

r2min
Dh: (B7)

While in the pore-doublet model, it is expressed as

DP ¼ �2r
f b;K; x�ð Þ

r2min
Dhþ 8lwLk

2 hð Þ
r4

ixDh� qwa xð ÞL; (B8)

where

f b;K; x�ð Þ ¼ p2

2bK
�n�sin px�ð Þ

nþ � n�cos px�ð Þ� �2 2� 2 K
b n

�cos px�ð Þ
h i2 þ K

b

� �2
nþn�cos px�ð Þ

1þ K
b n

�sin px�ð Þ
� �2� �3=2 : (B9)

By substituting Eqs. (B1)–(B9) into Eq. (32) we can obtain

�qwk
2 hð Þ Ld � hð Þx2Dh ¼ �2r

f b;K; x�ð Þ
r2min

k2 Ldð ÞDhþ 16k2 hð ÞlwM3 sð ÞixDhþ 8k2 hð ÞlwM1 sð ÞixDh� qwk
2 hð Þa xð Þ Ld � hð Þ; (B10a)

�qwk
2 hð Þ Ld � hð Þx2Dh ¼ �2r

f b;K; x�ð Þ
r2min

k2 Ldð ÞDhþ 8lwLk
2 Ldð Þ

r4
ixDh� qwk

2 Ldð Þa xð ÞLÞ

þ 16k2 hð ÞlwM3 sð ÞixDhþ 8k2 hð ÞlwM1 sð ÞixDh� qwk
2 hð Þa xð Þ Ld � hð Þ: (B10b)

In Eqs. (B10a) and (B10b), the second term in the right-hand side has a second-order of Dh, which can be neglected in this study.
Equations (B11a) and (B11b) can be rearranged

vI xð Þ ¼ qw Ld � hð Þk2 hð Þ

2r
f b;K; x�ð Þk2 Ldð Þ

r2min xw
cð Þ2 � x

xw
c

� �2

k2 hð Þ qw Ld � hð Þ þ 16lwM3 hð Þ þ 8lwM1 hð Þ� 	 i
x

� �" # ; (B11a)

vII xð Þ ¼ qw Ld � hþ Lð Þk2 hð Þ

2r
f b;K; x�ð Þk2 Ldð Þ

r2min xw
cð Þ2 � x

xw
c

� �2

k2 hð Þ qw Ld � hð Þ þ 16lwM3 hð Þ þ 8lwM1 hð Þ þ 8lwLk
2 hð Þ

r114

 !
i
x

 !" # : (B11b)
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The Roman numerals “I,” and “II” are used as the superscript
to differentiate other frequency response functions, which will be
used in the later part.

As an analogy to the second-order harmonic oscillator system,
the natural frequency of the bubble is

xI
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r

f b;K; x�ð Þk2 Ldð Þ
qw Ld � hð Þr2min

s
; (B12)

xII
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r

f b;K; x�ð Þk2 Ldð Þ
qw Ld � hþ Lð Þr2min

s
: (B13)

The dimensionless natural frequency is

Χ0 ¼ x0

xw
c

: (B14)

The dimensionless excitation frequency in the wetting phase
was defined as

Χw ¼ x
xw

c

: (B15)

By using Eqs. (B12)–(B15), Eqs. (B11a) and (B11b) can be
reformulated as:

vI xð Þ ¼ 1

ΧI
0

� 	2 � ΧI
w

� 	2
k2 hð Þqw Ld � hð Þ þ 16lwM3 sð Þ þ 8lwM1 sð Þð Þ

qw Ld � hð Þ
i

ΧI
w

 ! ; (B16a)

vII xð Þ ¼ 1

ΧII
0

� 	2 � ΧII
w

� 	2
k2 hð Þ qw Ld � hð Þ þ 16lwM3 sð Þ þ 8lwM1 sð Þ þ 8lwLk

2 sð Þ
r4

� �
qw Ld � hþ Lð Þ

i

ΧII
w

0
@

1
A

: (B16b)
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